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Clustering-Based Discriminant Analysis
for Eye Detection
Shuo Chen and Chengjun Liu
Abstract— This paper proposes three clustering-based
discriminant analysis (CDA) models to address the problem
that the Fisher linear discriminant may not be able to extract
adequate features for satisfactory performance, especially for two
class problems. The first CDA model, CDA-1, divides each class
into a number of clusters by means of the k-means clustering
c
technique. In this way, a new within-cluster scatter matrix Sw
and a new between-cluster scatter matrix Sbc are defined. The
second and the third CDA models, CDA-2 and CDA-3, define
a nonparametric form of the between-cluster scatter matrices
N − Sbc . The nonparametric nature of the between-cluster
scatter matrices inherently leads to the derived features that
preserve the structure important for classification. The difference
between CDA-2 and CDA-3 is that the former computes the
between-cluster matrix N-Sbc on a local basis, whereas the latter
computes the between-cluster matrix N-Sbc on a global basis.
This paper then presents an accurate CDA-based eye detection
method. Experiments on three widely used face databases show
the feasibility of the proposed three CDA models and the
improved eye detection performance over some state-of-the-art
methods.
Index Terms— Discriminant analysis, k-means clustering,
feature extraction, eye detection, Haar wavelets.

I. I NTRODUCTION
ISHER linear discriminant (FLD) [1] is a popular tool
of discriminant analysis for feature extraction and classification. Since it was introduced, a number of its variants
have been proposed and widely used in numerous fields of
pattern recognition [2]–[6]. However, the FLD and most of its
variants shares a major disadvantage that they may not be able
to extract adequate features in order to achieve satisfactory
performance, especially for two class problems. This is caused
by the property that the between-class scatter matrices Sb of
the FLD and its variants are generally not full rank. For any
L class problem, the FLD can only derive at most L − 1
valid features. Thus, for two-class problems, the FLD can only
derive a single valid feature, which is significantly inadequate
for achieving satisfactory performance.
To address this problem, this paper proposes three
clustering-based discriminant analysis (CDA) models. The first
CDA model, CDA-1, divides each class into a number of clusters by means of the k-means clustering technique. In this way,
a new within-cluster scatter matrix Swc and a new betweencluster scatter matrix Sbc are defined. The rank of the Sbc

F

increases as the number of clusters increases, and therefore
the CDA-1 can derive adequate features for satisfactory performance. The CDA-1 works well especially when inherent
multi-models are presented in each class and the k-means
clustering technique properly identifies these clusters.
Motivated by the work of nonparametric discriminant
analysis (NDA) in [7], this paper further proposes another
two CDA models, CDA-2 and CDA-3. The fundamental of
the CDA-2 and CDA-3 is a clustering-based nonparametric
form of the between-cluster scatter matrices N-Sbc . These
between-cluster scatter matrices N-Sbc are full rank, and
consequently both CDA-2 and CDA-3 can derive adequate
features for classification. Furthermore, the nonparametric
nature of the between-cluster scatter matrices inherently leads
to the derived features that preserve the structure important for
classification. The difference between CDA-2 and CDA-3 is
that the former computes the between-cluster matrix N-Sbc on
a local basis whereas the latter computes the between-cluster
matrix N-Sbc on a global basis.
This paper then evaluates these three CDA models on
the problem of eye detection. Accurate and efficient eye
detection is important for building a fully automatic face
recognition system, and the challenges for finding a robust
solution to this problem have attracted much attention in the
pattern recognition community [8]–[23]. Example challenges
in accurate and efficient eye detection include large variations
in image illumination, skin color (white, yellow, and black),
facial expression (eyes open, partially open, or closed), as
well as scale and orientation. Additional challenges include
eye occlusion caused by eye glasses or long hair, and the
red eye effect due to the photographic effect. All these challenge factors increase the difficulty of accurate and efficient
eye-center localization.
This paper presents an accurate eye detection method integrating the 2D Haar transformation for image representation,
the CDA for discriminatory feature extraction, and the nearest
neighbor rule with some similarity measures for classification.
The experiment section then fully evaluates the three CDA
models and the proposed eye detection method on three widely
used face databases, the Face Recognition Grand Challenge
(FRGC) version 2 database [24], the BioID face database [11],
and the FERET database [25]. Experiment results show the
feasibility of the three CDA models and the improved performance over some state-of-the-art eye detection methods.
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Fisher linear discriminant (FLD) [1] is a popular tool of
discriminant analysis. The FLD uses the within-class and
between-class scatter matrix to formulate a criteria of the class
separability. The FLD projection is then defined to maximize
the criteria.
Let X denotes the feature vector and L denote the number
of classes. Let ωi , i = 1, 2, . . . , L and Ni , i = 1, 2, . . . , L
denote the classes and the number of feature vectors within
each class, respectively. Let Mi , i = 1, 2, . . . , L and M0 be
the means of the classes and the grand mean. The within-class
scatter matrix shows the scatter of feature vectors around their
respective class mean vectors, which can be defined as follow:
Sw =

L


P(ωi )E{(X − Mi )(X − Mi )t |ωi }

Algorithm 1 The k-Means Clustering Algorithm Applying to
the Feature Vectors Within Each Class

(1)

i=1

where P(ωi ) is a prior probability. The between-class scatter
matrix shows the scatter of the class mean vectors around the
grand mean, which can be defined as follow:
Sb =

L


P(ωi )(Mi − M0 )(Mi − M0 )t

(2)

i=1

The FLD projection W is then defined to maximize the
criteria as follow:
|W t Sb W |
(3)
J (W ) =
|W t Sw W |
and, mathematically, this criteria is maximized when W consists of the leading eigenvectors of Sw−1 Sb .
Since FLD was introduced, a number of its variants have
been proposed [2]–[6], [26]–[30]. However, a major disadvantage of the FLD and most of its variants is that they may
not be able to extract adequate features in order to achieve
satisfactory performance, especially for two class problems.
This is caused by the property that the between-class scatter
matrix Sb of the FLD and its variants is generally not full
rank. As indicated in Eq. 2, the rank of Sb is at most L − 1
for any L class problem, and consequently the rank of Sw−1 Sb
is at most L − 1 as well. Therefore, there are at most L − 1
valid eigenvectors of Sw−1 Sb , which means the FLD can only
derive at most L − 1 valid features for any L class problem.
For two class problems, the FLD can only derive a single
valid feature, which is significantly inadequate for achieving
satisfactory performance.
Fukunaga [7] initiated the study on nonparametric
discriminant analysis (NDA) to address this problem. The
NDA maintains the same within-class scatter matrix Sw with
that of the FLD, but defines a nonparametric form of the
between-class scatter matrix Sb using the nearest neighbor
techniques. Motivated by Fukunaga’s work, several improved
approaches upon the NDA have been proposed [31]– [34].
All of these approaches consistently followed the idea of the
nearest neighbors to define their between-class scatter matrices. One major drawback of these nearest neighbor based NDA
methods is that they take the risk of suboptimal performance,
since the scatter of each feature vector is measured only
with respect to a very small amount of the remaining feature
vectors, i.e., its k nearest neighbors.

III. C LUSTERING -BASED D ISCRIMINANT A NALYSIS
This section presents the three clustering-based discriminant analysis (CDA) models, CDA-1, CDA-2, and CDA-3,
to address the problem of inadequate features derived from
the FLD.
A. CDA-1 Model
The CDA-1 model divides each class into a number of clusters by means of the k-means clustering technique. In this way,
a new within-cluster scatter matrix Swc and a new betweencluster scatter matrix Sbc are defined. The rank of the Sbc
increases as the number of clusters increases, and therefore
the CDA-1 can derive sufficient valid features for achieving
satisfactory performance.
Formally, the CDA-1 first use the k-means clustering technique to divide the feature vectors from each class into
k clusters so as to minimize the within-cluster sum of squares.
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Fig. 1. The between-cluster matrices of CDA−1, −2, and −3, respectively. The figure shows a three-class problem and each class is further divided into
( p)
(2)
three clusters. M0 represents the grand mean, whereas Mq , p, q = 1, 2, 3, represents the mean vector of the qth cluster from class ω p . X j , j = 1, 2, . . . , 6,
represents six data samples from class ω2 . (a) The between-cluster scatter matrix of CDA-1 measures the scatter of the mean vector from each cluster with
respect to the grand mean. (b) The between-cluster scatter matrix of CDA-2 measures the scatter of each feature vector from one class with respect to the
mean vector of its nearest cluster from otherwise classes. (c) The between-cluster scatter matrix of CDA-3 measures each feature vector from one class with
respect to mean vectors of all the clusters from otherwise classes.

The algorithm of the k-means clustering applying to the feature
vectors within each class is described in Alg. 1 in detail.
After we derive the mean vector of each cluster from every
class, the new formulation of the within-class scatter matrix
SwC is defined as follow:

preserve the class separability among these multi-models and
thus achieve better performance as indicated in Section V.
After computing Swc and Sbc , the CDA-1 project matrix is
the leading eigenvectors of (Swc )−1 Sbc . To avoid the singularity
problem, PCA is first applied before the CDA-1. Furthermore,
inspired by the enhanced Fisher linear discriminant model
( p)
L
k

 |C j |
( p)
( p) t
(EFM) in [2], we decompose the CDA-1 procedure into a
c
Sw =
{P(ω p )
E{(X − M j )(X − M j ) |ω p }}
Np
simultaneous diagonalization of the two within-cluster and
p=1
j =1
(4) between-cluster scatter matrices to improve the generalization
performance of the CDA-1. The simultaneous diagonalization
and the new formulation of the between-class scatter matrix is stepwise equivalent to two operations as pointed out by
SbC [Fig. 1(a)] is defined as follow:
Fukunaga [1]: whitening the within-cluster scatter matrix and
applying PCA to the between-cluster scatter matrix using
L
k |C ( p) |


j
(
p)
(
p)
Sbc =
{P(ω p )
(M j − M0 )(M j − M0 )t } (5) the transformed data. The CDA-1 should preserve a proper
Np
balance, during the stepwise process, between the need that
p=1
j =1
the selected eigenvalues account for most of the spectral
( p)
where |C j | denotes the number of feature vectors in the j th energy of the raw data (for representational adequacy), and
( p)
cluster of the class ω p , and M j denotes the mean vector the requirement that the eigenvalues of the within-class scatter
of the j th cluster of the class ω p . Note that as k decreased matrix (in the reduced PCA space) are not too small (for better
( p)
to one, M j converges to Mi . Thus, Eq. 4 and Eq. 5 is a generalization performance) [2].
Finally, the detailed algorithm of the CDA-1 is given as
generalization of Eq. 1 and Eq. 2, respectively.
follows:
There are two advantages of the CDA-1 model. First, the
1) Compute the PCA features as: P = t X, where  is the
rank of the Sbc is increased compared with Sb . Recall that the
leading eigenvectors of the mixture scatter matrix of X.
rank of the Sb of the FLD is upper bound by L − 1 for any L
2)
In
the feature space P, follow the Alg. 1 to divide each
class problem and thus at most L−1 features can be derived. In
c
classes
into k clusters and compute the mean vector of
comparison, the rank of the Sb is upper bound by k × L − 1.
c
each
cluster.
The Sb can even be full rank when enough large k is set.
3) In the feature space P, compute the Swc as indiTherefore, more features can be derived for classification and
cated by Eq. 4.
the performance will be improved. Second, the clustering algo4) Whiten the Swc as follows:
rithm can find inherent multi-models in each class and further
improve the performance. Take the task of eye detection as an
example. It requires to differentiate between the eye class and
Swc  =  and  t  = I
the non-eye class, i.e. “the rest of the world”. On one hand,
−1/2  t Swc −1/2 = I
(6)
the non-eye class indeed involves multi-models to represent
different objects and scenes in “the rest of the world”; on the
where  and  are the eigenvectors and the diagonal
other hand, the eye class may contains multi-models as well,
eigenvalue matrices of SwC , respectively. Then compute
to represent different kinds of eyes such as open eyes, closed
the whitening transformed features Y with respect to Swc
eyes, eyes with glasses, etc. The CDA-1 features are able to
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as follow:
Y = −1/2  t P
5) In the feature space Y , compute the
Eq. 5.
6) Diagonalize the Sbc as follows:
Sbc  = 

and

(7)
Sbc

as indicated by

t  = I

(8)

where  and  are the eigenvectors and the diagonal eigenvalue matrices of Sbc , respectively. Then the
CDA-1 features Z are now defined as follows:
Z = t Y

(9)

Finally, the overall transformation matrix of the CDA-1
can be defined as:
T = −1/2 

(10)

B. CDA-2 Model
The CDA-1 model significantly increases the number of
the derived features, but the number is still upper bound by
k × L − 1. Even though the Sbc can be full rank when enough
large k is set, it takes the risk of impairing the inherent
multi-models in each class. Motivated by the work of nonparametric discriminant analysis (NDA) in [7], this subsection
further proposes the CDA-2 model. The fundamental of the
CDA-2 model is a clustering-based nonparametric form of
the between-cluster scatter matrix N−Sbc . The N−Sbc is full
rank, and consequently CDA-2 can derive adequate features
for classification. Furthermore, the nonparametric nature of
the between class scatter matrix inherently leads to the derived
features that preserve the structure important for classification.
Specifically, the between-class scatter matrix N−Sbc of the
CDA-2 is given on a local basis, which measures the scatter
of each feature vector from one class with respect to the mean
vector of its nearest cluster from otherwise classes [Fig. 1(b)].
The N−Sbc is defined as:
N-Sbc =

L
L Ni

P(ωi )  
w( p) (X(i)
j )
Ni
i=1

(i)

(X j −

p=1 j =1
p =i
(i)
(i)
M ( p) (X j ))(X j

(i)

− M ( p) (X j ))t

(11)

where M ( p) (X(i)
j ) denotes the mean vector of the nearest
(i)

cluster from the class ω p to the feature vector X j , and
w( p) (X(i)
j ) is a weighting function, which can be defined as:
w( p) (X(i)
j )
(i)

=

(i)

(i)

(i)

min{d α (X j , M (i) (X j )), d α (X j , M ( p) (X j ))}
(i)
(i)
(i)
α
( p) (X(i) ))
d α (X(i)
j , M (X j )) + d (X j , M
j

(12)

where α is a control parameter between zero and infinity,
(i)
(i)
(i)
( p) (X(i) )) denote the
and d(X(i)
j , M (X j )) and d(X j , M
j
(i)

Euclidean distance from a feature vector X j to the mean
vector of its nearest cluster from itself class ωi and from the

otherwise class ω p , respectively. The value of the weighting
function is close to 0.5 when the feature vector is near
the class boundary and drops off to 0.0 as feature vector
moves away from the boundary. This property allows the
feature vectors near the class boundary, which preserve the
classification structure, to contribute more to the between-class
scatter matrix N-Sbc . Note that we set α = 2 in our experiments
for the CDA-2 model.
From Eq. 11, we have the following observations. First, due
to the application of the clustering technique, the CDA-2, as
CDA-1 does, is capable of finding the inherent multi-models in
each class and improve the performance for those case where
the multi-models are indeed present.
Second, the CDA-2 can derive more features than the
CDA-1. The CDA-2 makes use of all the feature vectors,
in stead of only the cluster centroids, in the definition of
the N-Sbc . Thus, the N-Sbc is full rank. More features can be
derived for the classification, and the performance may be
improved as more information is included.
Third, the CDA-2 is capable of effectively preserving the
classification structure. Either the FLD or the CDA-1 defines
the between-class(cluster) scatter matrix only based on the
mean vectors of the classes(clusters). It fails to involve the
feature vectors on the class boundary which preserve the classification structure. In comparison, the CDA-2 takes account of
all the feature vectors, including those on the class boundary,
to define the between-cluster scatter matrix. More importantly,
considering that the feature vectors far from the class boundary
may distort the classification structure, the CDA-2 introduces
a weighting function to emphasize the effect of those feature
vectors near to the class boundary but to de-emphasize the
effect of those far from the class boundary. As indicated in
(2)
(2)
[Fig. 1(b)], the data samples X(2)
1 , X2 , · · · , X5 fall on the
class boundary and are given a bigger weight to emphasize
(2)
their effect, whereas the data sample X6 is far away from
the boundary and is given a smaller weight to de-emphasize
its effect. In this way, the CDA-2 effectively preserves the
classification structure.
Please note that the CDA-2 has two major difference
from the nearest neighbor based nonparametric discriminant
analysis (NDA) in [7]. First, the NDA only works on the
two class problems, whereas the CDA-2 works on multiclass (equal to or bigger than two) problems. Second, the
between-class scatter matrix of the NDA measures the scatter
of feature vectors with respect to the mean vectors of their k
nearest neighbors. This kind of measurement takes the risk of
suboptimal performance, since only the local scatters with a
very small amount of feature vectors are utilized and much
information is lost in the learning procedure. By contrast,
the CDA-2 takes advantage of the inherent multi-models in
each class. The between-cluster scatter matrix of the CDA-2
measures the scatter of feature vectors with respect to the mean
vectors of their nearest clusters from otherwise classes. The
CDA-2 serves as a better representation of the scatter of the
feature vectors with respect to the otherwise clusters(classes).
Finally, the detailed algorithm of the CDA-2 is given as
follows:
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Fig. 2.

System architecture of the proposed eye detection method.

1) Compute the PCA features as: P = t X, where  is
the leading eigenvectors of the mixture scatter matrix
of X.
2) In the feature space P, follow the Alg. 1 to divide each
classes into k clusters and compute the mean vector M
of each cluster.
3) In the feature space P, compute the Swc as indicated by
Eq. 4.
4) Whiten the PCA features and the mean vector of each
cluster with respect to Swc as: Y = −1/2  t P and
M  = −1/2  t M, where  and  are the eigenvalues
and eigenvectors of Swc .
5) In the feature space Y , find the nearest cluster to each
feature vector from the otherwise classes. Compute the
w( p) (X(i)
j ) as indicated by Eq. 12.
6) In the feature space Y , compute N-Sbc as indicated by
Eq. 11.
7) The CDA-2 features are then defined as: Z = t Y,
where  are the eigenvectors of the N-Sbc .
C. CDA-3 Model
The between-cluster scatter matrix N-Sbc of the CDA-2 is
defined on a local basis, which measures the scatter of each
feature vector from one class with respect to the mean vector
of its nearest cluster from otherwise classes. One limitation of
this definition is that the N-Sbc of the CDA-2 just takes account
of the nearest cluster to each feature vector but ignores the
contributions of other clusters. However, the fact is that the
different clusters may contribute differently when we measure
the scatter of each feature vector. Therefore, if all clusters
are taken into account when we measure the scatter of each
feature vector, the between-cluster scatter matrix may preserve
the classification structure from different points of view, and
hence may improve the classification performance.
Inspired by this idea, we propose the CDA-3 based on a
new formulation of the between-cluster scatter matrix N-Sbc .
The N-Sbc of the CDA-3 is defined on a global basis, which
measures the scatter of each feature vector from one class with
respect to the mean vectors of all the clusters from otherwise
classes [Fig. 1(c)]. The N-Sbc of the CDA-3 is defined as
follows:
L
k Ni
L

P(ωi )   
( p) (i)
N-Sbc =
wq (X j )
Ni
i=1

(X(i)
j −

p=1 q=1 j =1
p =i
( p)
( p) t
Mq )(X(i)
j − Mq )

(13)

( p)

where Mq denotes the mean vector of the qth cluster from
( p) (i)
the class ω p , and wq (X j ) is a weighting function, which
can be defined as:
( p) (i)
wq (X j )

(i)

=

(i)

(i)

( p)

min{d α (X j , Mq ), d α (X j , Mq )}
( p)

(i)
(i)
α
d α (X(i)
j , Mq ) + d (X j , Mq )

(14)

( p)

(i)
(i)
where d(X(i)
j , Mq ) and d(X j , Mq ) denote the Euclidean
(i)

distance from a feature vector X j to the mean vector of
the qth cluster from itself class ωi and from the otherwise
class ω p , respectively. Note that we set α = 2 in our
experiments for the CDA-3 model.
The CDA-3 possesses all the advantages of the CDA-2. It is
capable of finding the inherent multi-models in each class.
The between-cluster scatter matrix is full rank and thus can
derive sufficient features for satisfactory performance. And it
can effectively preserve the classification structure due to the
introduction of the weighting function.
The algorithm to derive the CDA-3 features is similar with
that of the CDA-2. We don’t explicitly present the detailed
algorithm here.
IV. A CDA-BASED E YE D ETECTION M ETHOD
We present an accurate eye detection method based on
the clustering-based discriminant analysis (CDA). The method
integrates the 2D Haar transformation for image representation, the CDA for discriminatory feature extraction, and
the nearest neighbor rule with some similarity measures for
classification.
Fig. 2 shows the system architecture of the proposed eye
detection method. We first apply the Bayesian Discriminating
Features(BDF) method [35] to detect a face from an image and
normalize the detected face to a predefined size (128 × 128 in
our experiments). Then the geometric constraints are applied,
which means eyes are only searched in the upper portion (eye
strip) of the detected face (55 × 128 in our experiments).
Before the 2D Haar wavelet transformation, the preprocessing
of illumination normalization is used to alleviate the effect
of the illumination variation. This illumination normalization
consists of the Gamma correction, difference of Gaussian
(DoG) filtering, and contrast equalization [36].
Next, 2D Haar wavelet transformation is applied. Since
it was introduced to object detection by Papageorgiou and
Oren [37], 2D Haar wavelet transformation attracted a great
deal of attention. The Haar wavelets include a set of basis functions that encode the difference in average intensities between
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different regions in different scales. Except for the first basis
function that computes the average of the whole image, the
Haar basis functions include three types of representation in
the two dimensional space: (i) two horizontal neighboring
rectangular regions, which compute the difference between the
sum of pixels within each of them, (ii) two vertical neighboring
rectangular regions, which compute the difference between the
sum of pixels within each of them, and (iii) four neighboring
rectangular regions, which compute the difference between
diagonal pairs of the rectangles. In [9] and [10], it is shown
that 2D Haar wavelets are effective for capturing the structure
characteristic of eyes in different scales: centered dark pupil
is surrounded by a relatively white sclera. Another advantage
of 2D Haar features is that it can be efficiently computed by
the Integral Image [38], in which the inner product of Haar
basis functions with an image vector can be performed by
just several integer additions and subtractions instead of the
time-consuming floating point multiplications.
Finally, the CDA is applied for discriminant feature extraction and subsequently the nearest neighbor rule is applied for
classification. All three models of the CDA are applied and
compared with each other. Three kinds of similarity measures
are used to measure the nearest neighbor rule. They are L 1
similarity measure δ L 1 , L 2 similarity measure δ L 2 , and cosine
similarity measure δcos , which can be defined as follows:

|Xi − Yi |
(15)
δ L 1 (X, Y) =
i

δ L 2 (X, Y) = (X − Y)t (X − Y)
(16)
−Xt Y
δcos (X, Y) =
(17)
||X|| ||Y||
where ||·|| denotes the norm operator. A feature vector is then
classified to the class of the closest mean using the similarity
measures.
V. E XPERIMENT
We fully evaluate the three CDA models (CDA-1,
CDA-2, and CDA-3) and the proposed eye detection method
using 12,776 images from the Face Recognition Grand
Challenge (FRGC) version 2 database [24]. Thus there are
totally 25,552 eyes to be detected. Note that the FRGC images
possess challenge characteristics, such as large variations in
illumination, skin color (white, yellow, and black), facial
expression (eyes open, partially open, or closed), as well as
scale and orientation. Additional challenges include eye occlusion caused by eye glasses or long hair, and the red eye effect
due to the photographic effect. All these challenge factors
increase the difficulty of accurate eye-center localization. We
also evaluate the proposed CDA-based eye detection method
on the BioID face database [11] and the FERET database
[25] in order to show its robustness and to compare it with
some state-of-the-art eye detection methods. The experimental
results on the BioID and the FERET databases are shown in
the end of this section.
The training data collected from various sources contain
3,000 pairs of eyes and 12,000 non-eye patches in our experiments. The size of the eye and non-eye training images is
normalized to 20 × 40.

We evaluate the precision of the eye detection using the
normalized error γ [11]. The normalized error γ is defined
as the detection pixel error normalized by the interocular
distance. The advantage of the normalized error is that it
measures the precision of the eye detection independent from
the scale of the face and the image size.
There are two key parameters involved in the CDA: the
size of extracted features (m) and the number of clusters (k).
We will first evaluate the effect of these two parameters
on the three CDA models. The evaluation of the best eye
detection performance with the optimal parameters comes after
the parameter evaluation. The comparison is made as well
with PCA, FLD, and NDA methods in order to show the
performance improvement of the CDA method. Please note
that when we tune the parameters only 600 FRGC images are
used, but the final eye detection performance with the optimal
parameters are given based on the whole FRGC database.
A. Evaluation of the Size of Extracted Features
The size of the original 2D Haar wavelet features in our
experiments is 1,024. There are two points involving the size
determination of the features in the process of the CDA: the
size of the intermediate PCA features (m 1 ) and the size of
the final CDA features (m 2 ). It’s hard to exhaustively evaluate
all the possible combinations of m 1 and m 2 . Considering the
aspect of the efficiency, we only evaluate m 1 in the range of
50 and 300. For simplicity, we always choose the maximum
size of the final CDA features (m 2 ) which can be derived as the
size of the PCA features (m 1 ) varies. Specifically, for CDA-1,
m 2 is set equal to 2 × k − 1; for CDA-2 and CDA-3, m 2 is
set equal to m 1 . Please note that we temporarily set k = m 1 /2
when we evaluate the effect of the size of features on CDA.
The complete evaluation of the effect of the number of clusters
(k) on CDA will be given in the next subsection.
Fig. 3(a)–(c) show the performance comparison of the CDA1, CDA-2, and CDA-3, respectively, as the m 1 and m 2 varies.
Specifically, Fig. 3(a)–(c) show the true positive rate of the
CDA-1, CDA-2, and CDA-3, respectively, at the false accept
rate of 0.1 for the detection normalized error γ ≤ 0.07. Note
that the normalized error of 0.07 is a significantly strict criteria,
which can be considered that the detected eye center is inside
the eye pupil.
Fig. 3(a)–(c) reveal that the detection performance is
affected by the size of the derived features. The CDA-1 reaches
the best performance by using 170 features and L 1 similarity
measure, while both the CDA-2 and the CDA-3 reach the
best performance by using 180 features and cosine similarity
measure.
B. Evaluation of the Number of Clusters
The number of clusters (k) is evaluated between a small
value (k = 5) and the half value of the size of PCA features
(k = m 1 /2). There are two reasons we only evaluate the
number of clusters in above range: (i) the clusters inherently
represent the multi-models of each class, and the number of
the multi-models of each class should be neither too small
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The detection performance of the CDA-1, -2, and -3, respectively, as the size of features varies.

The detection performance of the CDA-1, -2, and -3, respectively, as the number of clusters varies.

nor too large; and (ii) for a two class problem, the withincluster matrix of CDA-1 is upper bound by m 1 in terms of
Eq. 4, whereas the between-cluster matrix is upper bound by
the smaller value of m 1 and 2 × k − 1 in terms of Eq. 5; both
the within-cluster and the between-cluster matrices of CDA-2
and CDA-3 are upper bound by m 1 in terms of Eq. 4, 11,
and 13. Therefore, even if more clusters (k > m 1 /2) are built
up, there are still at most m 1 features derived from the CDA,
which means that only the first significant m 1 /2 clusters of
each class contribute to the process of the CDA.
Fig. 4(a)–(c) show the performance comparison of the
CDA-1, CDA-2, and CDA-3, respectively, as the number of
clusters (k) varies. For simplicity, we only evaluate the effect
of the clusters based on the size of features which gives the
best performance as we analyzed in the previous subsection.
Specifically, we evaluate the effect for the CDA-1 using 169
(m 1 = 170, m 2 = 169) features for L 1 similarity measures
and 119 (m 1 = 120, m 2 = 119) features for both L 2 and
cosine similarity measures, evaluate the effect for the CDA-2
using 200 (m 1 = 200, m 2 = 200) features for L 1 similarity
measure and 180 (m 1 = 180, m 2 = 180) features for both L 2
and cosine similarity measures, as well as evaluate the effect
for the CDA-3 using 170 (m 1 = 170, m 2 = 170) features for
L 1 similarity measure and 180 (m 1 = 180, m 2 = 180) features
for both L 2 and cosine similarity measures. In addition, note
that Fig. 4(a)–(c), as Fig. 3(a)–(c) do, show the true positive
rate of the CDA-1, CDA-2, and CDA-3, respectively, at the
false accept rate of 0.1 for the detection normalized error
γ ≤ 0.07, as the number of clusters (k) varies.

Fig. 4(a)–(c) reveal that the performance of all three CDA
models is enhanced as the number of clusters increases and
approaches to m 1 /2. Specifically, the CDA-1 reaches the
best performance by using 85 clusters of each class and L 1
similarity measure, while both the CDA-2 and the CDA-3
reach the best performance by using 90 clusters of each class
and cosine similarity measure.
C. Evaluation of the Eye Detection Performance
In this subsection, we evaluate the eye detection performance of the CDA-based method in comparison with the
PCA-, FLD-, and NDA-based methods. Note that the experiments are carried on the 12,776 FRGC images. For the best
performance, the parameter settings are shown in Table I.
Fig. 5 shows the receiver operating characteristic (ROC)
curves of the PCA-, FLD-, NDA-, and CDA-based eye
detection methods. Note that the ROC curves are drawn for
the detection normalized error γ ≤ 0.07. Fig. 5 reveals that the
CDA-based methods (CDA-1, CDA-2, and CDA-3) significant
improve the eye detection performance in comparison with
the PCA-, FLD-, and NDA-based methods. The CDA-3
gives the best performance, followed in order by the CDA-2,
the CDA-1, the NDA, the FLD, and the PCA. Table II shows
the true positive rate (TPR) of these methods at the false
positive rate (FPR) of 0.1. It reveals that the CDA-3, which
gives the best performance, improves the TPR of the PCA
by 40.38%, the FLD by 28.52%, and the NDA by 20.60%,
respectively. Even the CDA-1, which gives the lowest TPR
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TABLE I
T HE PARAMETER S ETTINGS OF PCA-, FLD-, NDA-, AND CDA-BASED E YE D ETECTION M ETHODS

Fig. 5. The ROC curves of the PCA-, FLD-, NDA-, and CDA-based eye
detection methods.

Fig. 7. Distribution of the detection pixel errors using the CDA-3 based
method.

Fig. 8.

Fig. 6. The detection rate of the PCA-, FLD-, NDA-, and CDA-based eye
detection methods over different normalized error.
TABLE II
C OMPARISON OF THE T RUE P OSITIVE R ATE (TPR) OF THE PCA-, FLD-,
NDA-, AND CDA-BASED E YE D ETECTION M ETHODS AT THE
FALSE P OSITIVE R ATE (FPR) OF 0.1

among the three CDA models, improves the TPR of the PCA
by 36.27%, the FLD by 24.41%, and the NDA by 16.49%,
respectively.
If we eventually choose the detected eye location as the
average of the multiple detection around the pupil center (usually there are multiple detections around each pupil center),
Fig. 6 show the detection rate over the different normalized
detection errors. In Fig 6, the horizontal axis represents the
normalized detection error, and the vertical axis represents the

Example eye detection results using the CDA-3 based method.

corresponding detection rate. Fig 6 reveals that the CDA-based
methods consistently outperform the PCA-, FLD-, and
NDA-based methods in terms of the detection rate. The three
CDA models, CDA-1, CDA-2, and CDA-3, have comparable
detection rates — the CDA-3 performs slightly better than
CDA-2, and subsequently the CDA-2 performs slightly better
than the CDA-1.
In order to further show the superiority of the CDA-based
methods, Table III explicitly shows the detection rate (for the
normalized error γ ≤ 0.07) and the detection accuracy
(i.e., the average detection pixel errors in the Euclidean
distance) of these eye detection methods. For complete assessment, the detection accuracy on both the horizontal (x)
and vertical (y) directions are shown as well in Table III.
Table III show the improvement of the CDA-based methods
on both the detection rate and the detection accuracy over the
nonCDA-based methods. If one focuses on that more eyes are
detected within a criteria (e.g., γ ≤ 0.07), the CDA-3 gives
the best detection rate, which is 94.58%; if one focuses on the
minimum average detection pixel error, the CDA-3 still gives
the best detection accuracy, which is 2.75 pixels.
Take the CDA-3 based eye detection method (which gives
slightly better detection performance than CDA-1 and CDA-2)
as an example. Fig. 7 shows the distribution of the detection
pixel errors from the ground truth and Fig. 8 shows some
example detection results.
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TABLE III
T HE D ETECTION R ATE AND D ETECTION A CCURACY OF THE PCA-, FLD-, NDA-, AND CDA-BASED M ETHODS . N OTE T HAT THE D ETECTION R ATE
I S FOR THE N ORMALIZED E RROR γ ≤ 0.07. T HE M EAN (·) AND S TD (·) R EPRESENT THE M EAN AND THE D EVIATION OF THE D ETECTION P IXEL
E RROR W ITH R ESPECT TO THE D IRECTION S PECIFIED BY THE PARAMETER , R ESPECTIVELY

TABLE IV
C OMPARISON OF THE E YE D ETECTION P ERFORMANCE W ITH S TATE - OF - THE -A RT M ETHODS (N OTE T HAT γ S TANDS FOR THE N ORMALIZED E RROR )

D. Comparison with State-of-the-art Methods
In order to show the robustness of the proposed CDA-based
eye detection method and to compare it with the state-of-theart eye detection methods, we finally implement experiments
on the BioID face database [11] and the FERET database [25].
The BioID database consists of 1,521 frontal face images of
23 subjects. The FERET database consists of 3,365 full frontal
face images of nearly 1,000 subjects.
The methods we compare with include those used by
Jesorsky et al. [11], Hamouz et al. [12], [15], Cristinacce et al.
[16], Asteriadis et al. [17], Bai et al. [18], Niu et al. [19],
Campadelli et al. [8], [20], Valenti et al. [21], and Monzo et al.
[22]. All above methods applied the same normalized error
criterion to evaluate the performance. Note that for our
CDA-based eye detection method, we only list the performance using the CDA-3 model, which gives the slightly better
detection performance than the CDA-1 and the CDA-2 models.
Table IV shows the performance comparisons between our
method and the methods mentioned above for the normalized
error of 0.05, 0.10, and 0.25, respectively. Our results are
highlighted in the bold text. Note that for the performance
which is in-explicitly reported by the authors, the results are
estimated from the graphs in the literature.
Table IV reveals that for the normalized error of 0.05, our
method outperforms all other state-of-the-art methods on both
the BioID and the FERET databases. For the normalized error

of 0.10, our method gives comparable performance to the best
result on the BioID database and a bit lower performance than
the best result on the FERET database. For the normalized
error of 0.25, our method outperforms all other methods on
the BioID database and gives comparable performance to the
best result on the FERET database. Table IV also shows the
detection performance of our method on the FRGC database.
The performance of our method on all there databases is very
close to each other, which indicates its robustness.
VI. C ONCLUSION
This paper first proposes three clustering-based discriminatory analysis (CDA) models to address the problem of
inadequate features derived from the FLD. The CDA-1 model
defines a new within-cluster scatter matrix Swc and a new
between-cluster scatter matrix Sbc by means of the k-means
clustering technique. The rank of the Sbc increases as the number of clusters increases, and therefore the CDA-1 can derive
adequate features for achieving satisfactory performance. The
CDA-2 and CDA-3 models define a nonparametric form of
N-Sbc . These N-Sbc are full rank, and consequently both CDA-2
and CDA-3 can derive adequate features for classification.
Furthermore, the nonparametric nature of the between-cluster
scatter matrices inherently leads to the derived features that
preserve the structure important for classification.
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This paper then presents an accurate CDA-based eye detection method. Experiments on three widely used face databases
show that (i) the CDA significantly improves the performance
of the conventional discriminant analysis methods, and (ii) the
proposed CDA-based eye detection method achieves good eye
detection performance and outperforms some state-of-the-art
eye detection methods.
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